We investigate both the type I and II modes of stationary instability within the boundarylayer flow over a rotating disk. Extending the work of previous studies we find that the flow can be stabilised via the introduction of shear-thinning non-Newtonian fluids. Laminar-flow profiles are determined from a generalised von Kármán similarity solution. An asymptotic study is presented in the limit of large Reynolds number and a numerical investigation which includes the effects of streamline curvature and Coriolis force is also conducted. Favourable agreement is obtained between solutions from the two schemes. Results indicate that the transition process from laminar to turbulent flow can be significantly delayed, in this case at least. Such a study is presented with a view to suggesting potential control mechanisms in aerodynamically-significant flows.
I. Introduction
The stability and transition of the boundary-layer flow due to a rotating disk has attracted considerable interest in recent decades and continues to be an area of flourishing research. This is due in part to the similarities between the practically significant flow over a swept wing and that over a rotating disk. These flows also have practical relevance to turbo-machinery (where non-Newtonian fluids are commonplace) and rotor-stator devices.
The pioneering study of Gregory et al. 1 contains the first observation of the stationary cross-flow vortices on a rotating disk. The flow is convectively unstable within certain regions to disturbances stationary in the frame rotating with the disk. These disturbances are excited by roughnesses on the surface and, because these roughnesses are fixed in time in the rotating frame, the stationary disturbances are consistently excited and reinforced such that they are evident in flow-visualisation experiments.
Theoretical studies of convective modes within the rotating-disk system have shown that the flow is susceptible to two distinct modes of instability. The type I (upper-branch) mode due to the cross-flow instability and the type II (lower-branch) mode attributed to external streamline curvature. Because of this the neutral curve (R, κ) has a characteristic two-lobed structure, as noted by Malik 2 and Lingwood, 3 amongst others. Hall 4 demonstrated that in the limit of large Reynolds number the upper and lower branches of the neutral curve can be described (with excellent agreement) using an asymptotic theory. More recently, these pioneering studies have been extended to include rotating spheres, see Garrett & Peake 5 and rotating cones, see Garrett et al. 6 In both cases the flow can be stabilised (or destabilised) with control of the governing parameter, that being the angle of latitude, in the case of the sphere, and the half-angle, in the case of the cone.
In the current paper we examine the linear convective instability of the boundary-layer on a rotating disk for power-law fluids, thus extending the body of previous work to include non-Newtonian effects. This is intended to lead to advances in the previously mentioned physical applications. In particular, understanding the instability mechanisms of shear-thinning rotating disk flow will enable us to find ways of controlling laminar-turbulent transition within the boundary layer, which will lead to performance improvements in these applications.
II. Formulation
We consider the flow of a steady incompressible non-Newtonian fluid due to an infinite rotating plane located at z * = 0 (here the superscript * denotes dimensional quantities). The plane rotates about the z * -axis with angular velocity Ω * . The motion of the fluid is in the positive z * direction, the fluid is infinite in extent and the only boundary is located at z * = 0. In a rotating frame of reference the continuity and Navier-Stokes equations are expressed as
Here u * = (Ũ * ,Ṽ * ,W * ) are the velocity components in cylindrical polar coordinates (r * , θ, z * ), t * is time, Ω * = (0, 0, Ω * ) and r * = (r * , 0, z * ). The fluid density is ρ * and p * is the fluid pressure. For generalised Newtonian models, such as the power-law model, the stress tensor is given by τ
T is the rate of strain tensor and µ * (γ * ) is the non-Newtonian viscosity. The magnitude of the rate of strain tensor isγ * = (γ * :γ * )/2. The governing relationship for µ * (γ * ) when considering a power-law fluid is µ
where m * is the consistency coefficient and n is the dimensionless power-law index, with n > 1, n < 1 corresponding to shear-thickening and shear-thinning fluids, respectively. For n = 1 we recover the Newtonian viscosity model.
In the Newtonian limit an exact solution of (1) exists, as was first determined by von Kármán. 7 However, no such solution exists for flows with n = 1. It is only in the large Reynolds number limit that the leading order boundary-layer equations admit a similarity solution analogous to the exact Newtonian solution. The governing boundary-layer equations are given in Griffiths et al., 8 for brevity we exclude these here. We introduce the generalisation of the classic Newtonian similarity solution in order to solve for the steady mean flow relative to the disk. The dimensionless similarity variables are defined by
where
) are the leading order velocity components,P * 1 is the leading order fluid pressure term and ν * = m * /ρ * is the kinematic viscosity. The dimensionless similarity coordinate is η = r (1−n)/(n+1) z, where here r and z have been made dimensionless with respect to
Thus the laminar-flow profiles are determined from the following set of non-linear ordinary differential equations:
whereη = η(1 − n)/(n + 1), the primes denote differentiation with respect to η and
Using a fourth-order Runge-Kutta quadrature routine twinned with a Newton iteration scheme to determine the values of the unknowns U (0) and V (0) the set of ordinary differential equations are solved subject to
Although the formulation here is different these results are an exact reproduction of those of Griffiths et al.
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The laminar-flow profiles are presented in Figure 1 for a range of values of n. 
III. Stability analyses

A. Asymptotic analysis
This analysis is based on the assumption that the Reynolds number is large and that the disturbances have wavelengths scaled on the boundary-layer thickness, given by δ * = Re −1/(n+1) . Here Re is the asymptotic representation of the Reynolds number. When considering the type I modes we observe the existence of three distinct layers. An inviscid layer, or zone, a wall layer and a critical layer. The inviscid zone encompasses the entirety of the boundary-layer, the wall layer is needed to ensure the no-slip condition at the wall is satisfied and the critical layer exists so that the singularities that arise within the inviscid zone are smoothed out.
By solving for zero-order perturbations in the linear disturbance equations we arrive at a modified form of Rayleigh's equation that is dependent on the parameter n. At the next order we determine a nonhomogeneous modified form of Rayleigh's equation that is required to match our leading order solution in the wall layer. This wall layer solution is given in terms of the decaying Airy function. Despite the appearance of additional viscous terms in the leading order governing equations we find that analytic solutions are obtainable. Matching these solutions between the two layers enables us to plot solutions for the asymptotic wavenumber κ and wave angle φ of the disturbances, as a function of R = r 2/(n+1) Re 1/(n+1) . Here R is the numerical representation of the Reynolds number. Doing so enables us to make direct comparisons between the asymptotic and numerical solutions.
Results show that as n decreases fewer spiral vortices with a greater wave angle are shed from the disk, suggesting that the flow is being stabilised.
B. Numerical analysis
The stability analysis, applied at a specific radius, involves imposing infinitesimally small disturbances on the steady mean flow, in the form of scaled normal-mode quantities (u, v, w, p) = (û,v,ŵ,p)(η; α, β, ω; R, n)e i(αr+βθ−ωt) . The frequency of the disturbance in the rotating frame is ω (taken to be zero in this stationary study), the complex radial wavenumber is α = α r + α i and β is the real azimuthal wavenumber. After making an approximation akin to the parallel-flow assumption and a viscous assumption stemming from the asymptotic results, the stability equations may be written as sets of six first-order ODEs using transformed perturbing variables φ i (η) with i = 1, 2 . . . 6. The governing equations can be found in Griffiths et al. 8 In all that follows the eigenvalue problem defined by the stability equations is solved with the homogeneous boundary conditions
for all i. This eigenvalue problem will be solved for certain combinations of values of α, β and ω at each Reynolds number, R, and for the specified value of n. From these we form the dispersion relation, D(α, β, ω; R, n) = 0, at each n, with the aim of studying the convective instabilities. The step size in η was reduced and the value of infinity increased until there were no discernible differences in the numerical results. The values taken were such that the boundary layer was approximated by 2000 equally spaced data points between η = 0 and η = 20. This discretization is known to be consistent with Lingwood 3 and Garrett & Peake, 10 for example, and represents an appropriate balance between accuracy and computational effort for each n.
In order to investigate the structure of the spatial branches at each n, we solve the dispersion relation for α whilst marching through values of β at fixed R. For each n in the particular range of interest two spatial branches determine the convective instability characteristics of the system. Neutral curves, defined by α i = 0, have been calculated for values of the power-law index ranging from n = 0.6 − 1 in increments of 0.1. The neutral curves show that decreasing the power-law index has a stabilising effect on the boundary-layer flow. The value of the critical Reynolds number is increased on both the upper (type I) and lower (type II) lobes as n decreases. Figure 2 shows a comparison between the numerical and asymptotic results. An excellent quantitative agreement is found between the two sets of solutions for each n in the range of interest. As expected, in the large Reynolds number limit, the asymptotic predictions are indeed very good. Figure 3 plots the spatial branches of the type I mode though the convectively unstable region for decreasing values of n in order to visualize the growth rates. For clarity and brevity the type II growth rates are not included here. However, we find that on both the upper and lower branches, as n decreases the growth rates are significantly reduced whilst also being pushed to a higher critical Reynolds number, thus reaffirming the stabilising effect shear-thinning fluids have on the boundary-layer flow.
IV. Conclusion
In this paper we have discussed stabilising the boundary-layer flow over rotating disks via the introduction of shear-thinning fluids. We find that on both the type I and II modes the onset of linear convective instability is delayed as n decreases, the critical Reynolds number is increased and the linear convective growth rates are significantly reduced. Furthermore, a decrease in n results in the wavenumber and wave angle neutral curves undergoing a shift from the left to the right, effectively expanding the region of stable flow and most importantly,y delaying the transition from laminar to turbulent flow.
It is acknowledged that the parallel-flow approximation utilised within the numerical stability analysis means that the perturbation equations solved here are not rigorous at O(R −1 ). Although it is clear that the approximation will lead to inaccuracies at the predicted critical Reynolds numbers, it is our opinion that these will be small. The excellent agreement obtained between our numerical neutral curves and our asymptotic predictions shows that the effects of this approximation are negligible at high Reynolds number
There are a number of limitations of the current study, here we have considered only linear stationary convective instabilities. It would be of particular interest to investigate non-stationary modes (ω = 0) of instability thus allowing for a comparison between the spatial growth rates of stationary and non-stationary modes. In this case the flow is controlled by not one, but three dimensionless parameters, the viscosity ratio c 0 = (µ * ∞ − µ * 0 )/µ * ∞ , the relaxation parameter k = r * λ * Ω * ρ * Ω * /µ * ∞ and the power-law index n. The author shows that there is a qualitative difference between the base flow profiles obtained from the shear-thinning power-law model and those owing from the shear-thinning Carreau model. In regions of low shear-rate, i.e. far away from the disk, the power-law model predicts infinitely large viscosity, it is this unphysical trait that markedly effects the predicated velocity profiles. Figure 4 shows the laminar-flow profiles for shear-thinning Carreau fluids with c 0 and k fixed. Clearly these are very different to the shear-thinning power-law results presented in Figure 1 . It would be of particular interest to see if these linear stability analyses again predict stabilising behaviour for shear-thinning Carreau fluids. Indeed initial investigations into this problem have begun; we hope to report on this study in due course.
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